In the definition of irreducible holomorphic symplectic manifolds the condition of being simply connected can be replaced by vanishing irregularity. We discuss holomorphic symplectic, finite quotients of complex tori with h 0 (X, Ω
Introduction and main result
Irreducible (holomorphic) symplectic manifolds became popular objects to study as together with complex tori and Calabi-Yau manifolds they appear as factors in the Beauville-Bogomolov decomposition theorem [Bea83b, Théorèm 2]. We found the following equivalent condition to Beauville's original definition [Bea83b, p. 763f ].
Theorem 1. Let X be a compact Kähler manifold such that H 0 (X, Ω 2 X ) ∼ = C is generated by a holomorphic symplectic form. Then h 1 (X, O X ) = 0 if and only if X is simply connected, and therefore an irreducible symplectic manifold.
The condition h 1 (X, O X ) = 0 naturally fits with definitions of singular analogs of irreducible symplectic manifolds discussed in the literature. We recall them in Section 2 to make this point precise.
To prove Theorem 1, the main situation to consider consists of smooth finite quotients of complex tori. Motivated by this and examples of Matsushita, we study symplectic torus quotients X with h 0 (X, Ω
Singular symplectic varieties
Let X be a normal complex variety, i.e. an irreducible and reduced Hausdorff complex space. Holomorphic p-forms on the smooth locus X reg are called reflexive differential forms. Their associated sheaves on X are denoted by Ω X ) ∼ = H 0 (X reg , Ω p Xreg ) for i : X reg ֒→ X the inclusion. Reflexive forms satisfy good pullback properties, in particular the extension theorem of Kebekus-Schnell shows that when X has rational singularities, then they always extend to every resolution of X [KS18, Corollary 1.8]. In this terminology Beauville's definition of symplectic varieties [Bea00, Definition 1.1] can be reformulated as follows.
Definition 2.
A symplectic variety is a Kähler variety with rational singularities and an ω ∈ H 0 (X, Ω
[2] X ) that is non-degenerate at every smooth point of X, i.e. a (holomorphic) symplectic form on the smooth locus.
There are the following two widely studied classes of symplectic varieties X, which share many properties with irreducible symplectic manifolds.
(a) (X, ω) compact symplectic variety with h 1 (X, O X ) = 0 and h 0 (X, Ω
[2]
where quasi-étale means that f is a finite surjective morphism between normal complex varieties that isétale outside of an analytic subset Z ⊂ X ′ of codimension at least two.
Definition (a) is older and was, often with stronger assumptions to the singularities of X or assuming projectivity, first studied by Namikawa and Matsushita. Definition (b) is the class of symplectic varieties appearing in a singular version of the Beauville-Bogomolov decomposition theorem, which was proven in the projective case [HP19, Theorem 1.5] building upon [GKP16, GGK19, DG18, Dru18] . It generalizes the definition of irreducible symplectic manifolds: For smooth X the map f isétale by the purity of the branch locus, then we only need to compare the holomorphic Euler characteristics applying [Bea83b, Proposition 3].
Building on results of Matsushita, the author of the present paper compared the geometric properties of both definitions [Sch17] . Symplectic varieties of both classes share many similarities with irreducible symplectic manifolds and those of definition (a) remain interesting as there turned out to be a nice moduli theory for them [BL18] .
The question if definition (a) is also a generalization of irreducible symplectic manifolds apparently remained unclear in the literature, see for example [BL18, Lemma 3.3 and preceding paragraph] and [Per19, page 18, last paragraph], but now we can finally answer it positively by Theorem 1.
Remark 1. The reader is advised to be careful, as the terminology used in the literature to refer to the above definitions (a) and (b) as well as to other classes of symplectic varieties is inconsistent.
An application of the decomposition theorem
As a first structural result towards Theorem 1 we prove the following Proposition, which is related to [HNW11, Proposition A.1]. Proposition 3. Let (X, ω) be a smooth symplectic variety with h 1 (X, O X ) = 0 and h 0 (X, Ω
[2] X ) = 1. Then X is either simply connected or a smooth quotient of a complex torus by a finite group of biholomorphic automorphisms.
Proof. By the Beauville-Bogomolov decomposition theorem, there is a finiteétale covering π :X → X that splits as a productX
X i is the product of irreducible symplectic manifolds X i , and Y a product of at least 3-dimensional Calabi-Yau manifolds [Bea83b, Théorèm 2]. By going to a finiteétale covering ofX we may assume π to be a Galois covering, so X ∼ =X/G for G ⊂ AutX a group of biholomorphic automorphisms ofX with |G| = deg π, [Bea83a, Proposition 3].
We can identify H 0 (X, Ω 2 X ) with the space of G-invariant holomorphic 2-forms H 2 (X, Ω 2X ) G , hence the latter one is generated by the pullback π * ω of the symplectic form. As h 0 (X ′ , Ω 1
we get by the Künneth formula a decomposition π * ω = π * T η + π * X ′ ω ′ , where π T :X → T and π X ′ :X → X ′ are the projections, and η ∈ H 0 (T, Ω 2 T ), ω ′ ∈ H 0 (X ′ , Ω 2 X ′ ) are 2-forms on the factors. As π isétale, π * ω is also non-degenerate, hence Y is trivial and the forms η and ω ′ are non-degenerate as well.
For every f ∈ Aut(X) there are automorphisms g ∈ Aut(T ) and h ∈ Aut(X ′ ) such that f = (g, h) [Bea83a, p. 8, Lemma], so π * T η and π * X ′ ω ′ are G-invariant holomorphic 2-forms onX. As h 0 (X, Ω 2 X ) = 1, it follows that either T or X ′ has to be trivial. If X ′ is trivial then X ∼ = T /G and the proof is complete.
Hence we can assume from now on that T is trivial, so X ∼ = X ′ /G. In this case, we show that every automorphism f ∈ G ⊂ Aut(X ′ ) has a fixed point. For this, let ω i be the pullbacks of the symplectic forms of the factors X i to X ′ . By [Bea83b, p. 762f, Propositions 3, 4] and the Künneth formula, p∈N0 H 0 (X ′ , Ω p X ′ ) is generated by the wedge products of the ω i . In particular H j,0 (X ′ ) = 0 for all odd j. As (X, ω) is symplectic, f * preserves a symplectic form on X ′ . By rescaling the ω i we may assume it to be the sum of the ω i . By [Bea83a, p. 10, b)+c)] the automorphism f acts on X ′ by first possibly permuting isomorphic factors X i and then applying automorphisms f i ∈ Aut(X i ) on each factor. In particular there is a permutation σ ∈ S k such that for all i we have that f * ω i is a multiple of ω σ(i) . As f * preserves the sum of the ω i , it simply permutes the ω i , as well as their wedge products. Therefore tr(f * | H j,0 (X) ) is zero for all odd j, non-negative for all even j and it equals one for j = 0, 2 dim(X). Thus f has a fixed point by the holomorphic Lefschetz fixed point formula [GH94, p. 426]. As we assumed X to be smooth, it follows that G acts trivially on X ′ , so X ∼ = X ′ is simply connected.
Remark 2. Proposition 3 has weaker assumptions than [HNW11, Proposition A.1], which asserts that a complex projective manifold X is simply connected if it is symplectic and the symplectic form generates the exterior algebra of global holomorphic differential forms p∈N0 H 0 (X, Ω p X ). It was noted that the published proof is incomplete, as the argument in [HNW11, Proposition A.1] to exclude the torus factor is flawed. This can easily be repaired for example by first arguing like above and then using that under the given stronger assumptions one can exclude the case where X = T /G is a smooth torus quotient by comparing the holomorphic Euler characteristics: deg π · χ(X, O X ) = deg π · ( 1 2 dim X + 1) = 0 = χ(T, O T ). However, in the situation of Proposition 3 there is no obvious reason why χ(X, O X ) should be non-zero when dim X ≥ 6. This was the motivation of the present article. The situation where X = T /G is a smooth quotient of a complex torus needs a deeper analysis to see that it does not occur, which we will do in the next two sections.
Complex torus quotients
We use here the term (complex) torus quotient for quotients X . .= T /G where T is a complex torus and G a finite group acting by biholomorphisms on T . For a torus quotient the quotient map T → X is a finite morphism. Every g ∈ G acts on the universal covering C n of T as the composition of a linear endomorphism L(g) and a translation t(g). Then L : G → GL C (C n ) is a group homomorphism, we call it the induced analytic representation of the group action, cf. [BL04, p.10]. Then ker L is the set of translations in G. Up to an isogeny of T , we may assume G not to contain non-trivial translations and therefore L to be faithful. This way L becomes a faithful linear representation of G. As G is finite, L(g) has finite order for every g ∈ G. In particular L(g) is diagonizable and all its eigenvalues are roots of unity. Moreover, X has finite quotient singularities, so for every k ∈ N 0 we have
which can be identified with the space of holomorphic k-forms on C n that are invariant under every translation and every L(g) for g ∈ G.
Representation theory. We denote the character of a complex representation ρ of a finite group G by χ ρ , the inner product of characters by (·|·) [Ser77, Section 2.3] and the trivial representation of G by I G . When ρ is irreducible, it can be of real, complex or quaternionic type, depending on its Frobenius-Schur-indicator ι(ρ) . .= 1 |G| g∈G χ ρ (g 2 ) being 1, 0 or −1, respectively [Ser77, p.108-109].
Lemma 4 (Reflexive 1-forms on torus quotients). Let X = T /G be an n-dimensional torus quotient with induced analytic representation L. Then H 0 (X, Ω
Thus h 0 (X, Ω X ) lifts to a space of holomorphic 1-forms on C n . A translation-invariant 1-form on C n can be written as
which is equivalent to v being fixed by L(g) for all g ∈ G. By Maschke's Theorem L splits into a direct sum of irreducible representations and a common fixed vector v corresponds to to a trivial direct summand of L. In terms of characters, the multiplicity of I G can be calculated via the claimed formula [Ser77, Theorem 4].
Lemma 5 (Symplectic torus quotients). Let X = T /G be an n-dimensional torus quotient with induced analytic representation L. Then H 0 (X, Ω We suppose now that L is a reducible representation L = L 1 ⊕ L 2 , where the L i : G → GL C (V i ) are sub-representations of positive degrees and C n = V 1 ⊕ V 2 is a decomposition invariant under L(g) for all g ∈ G. Then the decomposition
When there is a G-invariant 2-form ω on X, its three components are also Ginvariant. Hence H 0 (X, Ω 2 X ) = Cω implies that only one component is non-zero. As ω is symplectic it is non-degenerate, such that ω has to lie in the mixed part V 1 ⊗ V 2 . By the same argument applied to sub-representations, L 1 , L 2 are seen to be irreducible. Clearly neither L 1 nor L 2 can be of quaternionic type, as then we had h 0 (X, Ω 2 X ) ≥ 2. Using [Ser77, Proposition 3 and Theorem 4] we can calculate 1 = h 0 (X, Ω
if L 1 and L 2 are both real or both complex 0 else and conclude L 1 = L 2 . By Lemma 4 we get h 0 (X, Ω
[1] X ) = (χ L |χ IG ). This is zero unless L is reducible and L 1 , L 2 are both trivial, which is precisely the case when T and X are both 2-tori. In any case, as X has rational singularities every reflexive form on X extends to a resolution where we can apply Hodge symmetry. Hence h 1 (X, O X ) = h 0 (X, Ω
[1] X ) (cf. the proof of [GKP16, Proposition 6.9]) and the claim follows.
Smooth complex torus quotients
A complex torus quotient X = T /G is smooth if and only if every g ∈ G acts fixed point free on T . We call X a smooth (complex) torus quotient in that case. In the literature smooth torus quotients also appear under the names (generalized) hyperelliptic manifolds/varieties as they generalize hyperelliptic surfaces, despite not being a generalization of the notion of hyperelliptic curves.
Decomplexification. For a complex representation ρ : G → GL C (C n ) its decomplexification ρ R : G → GL R (R 2n ) is obtained by forgetting the complex structure on C n . We get C ⊗ ρ R ∼ = ρ ⊕ρ, hence two irreducible complex representations are R-equivalent if and only if they are C-equivalent up to a possible complex conjugation.
Holonomy representation. Let X = T /G be a smooth complex torus quotient with T = C n /Λ for a complete lattice Λ ⊂ C n and induced analytic representation L. Then L(g) acts on Λ for every g ∈ G. The induced actions of G on Q ⊗ Z Λ or R ⊗ Z Λ are called rational or real holonomy representation, respectively. The real holonomy representation equals the decomplexification of the analytic representation L of G on C n .
Homogeneous representations.
When K is a field, we call a representation ρ of G over K homogeneous if all irreducible subrepresentations of ρ are equivalent. When ρ is a complex representation, then its decomplexification ρ R is homogeneous if and only if all irreducible subrepresentations of L are equivalent up to a possible complex conjugation. Lemma 6. Let ρ be a rational representation of a finite group and K ⊃ Q a field. When K ⊗ ρ is homogeneous then ρ is homogeneous as well.
Proof. Let η 1 , η 2 be two irreducible subrepresentations of ρ. Then the K ⊗ η i are both powers of the same irreducible subrepresentation of K ⊗ ρ. Hence the K ⊗ η i are equivalent and thus have the same characters. As χ K⊗ηi = χ ηi , it follows that the η i are equivalent. Hence ρ is homogeneous.
Theorem 7. Let X = T /G be a smooth torus quotient with induced analytic representation L. If the decomplexification L R is homogeneous then L is trivial and X is a complex torus.
Proof. Let N . . = ker L the set of g ∈ G acting via translations on T . This is a normal subgroup of G and we get X ∼ = (T /N )/(G/N ). Hence we may assume without loss of generality that no g ∈ G acts via a non-trivial translation on T . Equivalently, L is a faithful representation. When L R is homogeneous, then the rational holonomy representation is also homogeneous by Lemma 6. Generalizing results from Hiss-Szczepański [HS91, p.40, Corollary], Lutowski proved that if the rational holonomy representation is homogeneous, then X is a complex torus [Lut18, Theorem 1].
Corollary 8. Every smooth symplectic torus quotient with h 0 (X, Ω 2 X ) = 1 is a complex 2-torus.
Proof. Let X = T /G be a symplectic torus quotient with h 0 (X, Ω 2 X ) = 1. Then by Lemma 5 its analytic representation L : G → GL C (C n ) is either irreducible or the direct sum of two complex conjugate irreducible representations L i : G → GL C (V i ), i = 1, 2. In the second case, the decomplexifications of the L i are equivalent as real representations, so L R ∼ = (L 1 ) ⊕2 R . In particular L R is homogeneous in both cases. By Theorem 7 it follows that X can only be smooth if it is a complex torus. For n . .= dim X this implies 1 = h 0 (X, Ω
[2] X ) = n(n−1) 2 and thus n = 2.
The proof of the main theorem is now easy:
Proof of Theorem 1. Let X be a compact Kähler manifold such that H 0 (X, Ω 2 X ) ∼ = C is generated by a holomorphic symplectic form ω. If h 1 (X, O X ) = 0 then X is by Proposition 3 simply connected or a smooth torus quotient. In the latter case it would be a 2-torus by Corollary 8, for which h 1 (X, O X ) = 2 = 0. For the other direction, if X is simply connected, then H 1 (X, C) = π 1 (X) ab is trivial and hence h 1 (X, O X ) = 0 by Hodge theory.
Remark 3. We invoked the results of Hiss-Szczepański and Lutowski, which rely on the classification of finite simple groups. The author of the present paper wondered if this line of reasoning can be replaced by more direct arguments. We give examples showing that the naivest attempts fail.
Let X = T /G be a smooth torus quotient and L its induced analytic representation. For each g ∈ G to act fixed point free on T it is necessary that L(g) has 1 as an eigenvalue, cf. [BL04, Lemma 13.1.1.]. Furthermore, finite groups G for which a smooth torus quotient X = T /G with h 1 (X, O X ) = 0 exists are primitive in the terminology of Hiller-Sah [HS86] . The authors of the latter paper gave an equivalent criterion for a finite group to be primitive, which is also easy to compute with a computer [HS86, Theorem 3.8]. It follows from Lemma 5 that G needed to be primitive if there was a non-trivial smooth torus quotient X = T /G that is symplectic with h 0 (X, Ω 2 X ) = 1. X ) = 1, but by Corollary 8 no set of translations t(g) for g ∈ G can be chosen to make the induced action of G on T free. However, smooth symplectic torus quotients with h 1 (X, O X ) = 0 exist indeed. The smallest example was very recently discussed by Hiss-Lutowski-Szczepański [HLS20] and comes from the direct sum of three non-equivalent irreducible representations of quaternionic type, hence h 0 (X, Ω
[2] X ) = 3 in that case.
Lagrangian fibrations of symplectic torus quotients
Definition 9. Let (X, ω) be a symplectic variety and f : X → B a surjective morphism with connected fibers onto a normal Kähler variety B. If the general fiber F of f has dimension 1 2 dim X and ω| Freg vanishes 1 , then f is called a Lagrangian fibration of X.
Matsushita gave an example of a Lagrangian fibration of a symplectic torus quotient X with h 0 (X, Ω
[2] X ) = 1 over another singular torus quotient B, [Mat01, p. 7f ]. This is interesting, as when X is a symplectic variety of type (b), e.g. an irreducible symplectic manifold, then the base of a Lagrangian fibration is always Fano, and when it is smooth, it is biholomorphic to P It is still open if for a Lagrangian fibration of a symplectic variety X with h 1 (X, O X ) = 0, h 0 (X, Ω
[2] X ) = 1 over a smooth base B we always have B ∼ = P 1 2 dim X . An attempt to construct a counterexample would be to find a variation of Matsushita's example with a smooth base. However, we show in Theorem 11 that this is impossible. We start with a minor variation of [DHP08, Corollary 2.2.].
Proposition 10. Let X = T /G be an n-dimensional symplectic torus quotient with induced analytic representation L and a surjective morphism f : X → B onto an m-dimensional normal complex variety B with 0 < m < n. Then there is an (n − m)-dimensional linear subspace V ⊂ C n that is invariant under L(g) for all g ∈ G and the general fiber of the projection C n → B is a translation of V .
Proof. We write T = C n /Λ and denote by p : C n → T and π : T → X the projections. There is a Zariski-open set U ⊂ B reg , such that for all b ∈ U the fiber F = π −1 (f −1 (b)) of f • π is smooth of dimension n − m and (f • π)| π −1 (f −1 (U)) is a submersion of complex manifolds [GPR94, Theorems 1.19 and 1.22]. For each connected component F 0 of F the normal bundle N F0|T is trivial and by its defining exact sequence also the tangent bundle T F0 . Hence F 0 is a complex torus [Wan54, Corollary 2]. Consider the Stein factorization of f • π, i.e a holomorphic map f : T →B with connected fibers onto a normal complex varietyB, and a finite mapπ such that f • π =π •f . The general fiber off is a connected component of a general fiber of f and thus an (n − m)-dimensional complex torus. The restrictionf |f −1 (π −1 (U)) is a submersion of complex manifolds with connected fibers, so a deformation for each of its fibers E. It follows that each E is a translation of an (n − m)-dimensional subtorus of T [Uen75, Theorem 10.3]. Two subtori that differ only by a translation are equal. Hence, asπ −1 (U ) is connected, all E are translations of the same subtorus T 0 of T . Then V . . = p −1 (T 0 ) is an (n − m)-dimensional linear subspace of C n . The action of G on T permutes the fibers off , and thus the action of G on C n permutes the affine subspaces p −1 (E). Hence it follows that for all g ∈ G the map L(g) preserves V , which is the common direction space of the p −1 (E) .
Theorem 11. Let X = T /G be an n-dimensional symplectic torus quotient with h 0 (X, Ω Then L is reducible and f is induced by a projection onto one of the two mdimensional linear subspaces that are invariant under L(g) for all g ∈ G. Hence B is a torus quotient with irreducible analytic representation of real or complex type. In particular B is singular unless f is a fibration of a 2-torus over an elliptic curve.
Proof. Let f : X → B be a Lagrangian fibration of X = T /G with T = C n /Λ. Then dim B = n 2 , [GPR94, Theorems 1.19]. By Proposition 10 there is an n 2 -dimensional linear subspace V ⊂ C n that is invariant under L(g) for all g ∈ G. In particular L cannot be irreducible. Hence by Lemma 5 we get C n = V 1 ⊕ V 2 and L = L 1 ⊕ L 2 for two complex conjugate irreducible representation L i : G → GL C (V i ) of real or complex type. Therefore, up to switching the indices, we have V = V 1 and B is the quotient of V 2 /(Λ ∩ V 2 ) modulo the restricted action of G, which has linear part L 2 . Thus the analytic representation of B is irreducible of real or complex type. Hence by Theorem 7 or directly by [Lut18, Theorem 2] the base B is singular unless B is a complex torus. The latter case is equivalent to L 1 and L 2 being trivial and thus f being a fibration of a 2-torus over an elliptic curve.
Remark 5. It follows from Theorem 11 that every non-trivial Lagrangian fibration X → B of a symplectic torus quotient with h 0 (X, Ω 
Singular examples
Symplectic torus quotients X with h 0 (X, Ω
[2] X ) = 1 up to dim X ≤ 4 were extensively studied by Fujiki [Fuj83] . To construct more examples one needs to search for irreducible representations ρ of finite groups G. For ρ of quaternionic type consider L = ρ, otherwise L = ρ ⊕ρ. If L preserves a complete lattice, which is not always the case, it is by Lemma 5 the analytic representation induced by a symplectic torus quotient X with h 0 (X, Ω
[2] X ) = 1. Using the following functions one can check with GAP, [GAP20] , if a finite group G is primitive and if all representing matrices of its i-th irreducible representation have 1 as an eigenvalue. For checking the latter condition time can be saved by only considering groups with trivial center. We list below for each of the three types the smallest primitive groups with a faithful irreducible representation such that all representing matrices have 1 as an eigenvalue.
• Real type: The first non-trivial example is the 3-dimensional irreducible representation ρ of S 4 . L = ρ ⊕ρ induces an action on (C/Λ) 6 for any lattice Λ and preserves the symplectic form dz 1 ∧ dz 4 + dz 2 ∧ dz 5 + dz 3 ∧ dz 6 . • Complex type: Irr(SmallGroup(216,153))[i] for i = 9, 10 G is a group with 216 elements with a faithful irreducible representation ρ of degree 8 generated by the three linear maps (z 1 , . . . , z 8 ) →(z 3 , . . . , z 8 , z 1 , z 2 ) (z 1 , . . . , z 8 ) →ζ 3 (z 4 , z 3 , z 8 , z 7 , z 5 , z 6 , z 1 , z 2 ) (z 1 , . . . , z 8 ) →(ζ 2 3 z 1 , ζ 3 z 2 , ζ 2 3 z 3 , ζ 3 z 4 , ζ 3 z 5 , ζ 2 3 z 6 , z 7 , z 8 ) for ζ 3 a primitive third root of unity. L = ρ ⊕ρ induces an action on C 16 /(Z + ζ 3 Z) 16 preserving the symplectic form dz 1 ∧ dz 9 + . . . + dz 8 ∧ dz 16 . • Quaternionic type: Irr (SmallGroup(1280, 1116311) 
G is a group with 1280 elements with a faithful irreducible representation ρ of degree 20 generated by the two linear maps 
